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Summary. In this paper we propose a strategy, the Tree-based Topology-Oriented
SOM (TTO-SOM) by which we can impose an arbitrary , user-de�ned, tree-like topol-
ogy onto the codebooks. Such an imposition enforces a neighborhood phenomenon
which is based on the user-de�ned tree, and consequently renders the so-called bub-
ble of activity to be drastically di�erent from the ones de�n ed in the prior literature.
The map learnt as a consequence of training with the TTO-SOM i s able to infer
both the distribution of the data and its structured topology int erpreted via the
perspective of the user-de�ned tree. The TTO-SOM also revea ls multi-resolution
capabilities, which are helpful for representing the origi nal data set with di�erent
numbers of points, whithout the necessity of recomputing th e whole tree. The ability
to extract an skeleton, which is a \stick-like" representat ion of the image in a lower
dimensional space, is discussed as well. These properties have been con�rmed by our
experimental results on a variety of data sets.

1 Introduction

A problem that arises in the the classi�cation of patterns in large data sets
is to capture the essence of the similarity in the samples, which implies that
any given cluster should include data of a \similar" sort, while elements that
are dissimilar are assigned to di�erent subsets.

One of the most important families of ANNs used to tackle the above-
mentioned problems is the well known Self-Organizing Map (SOM) [7] , which
seeks to preserve the topological properties of the input space.
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Although the SOM has demonstrated an ability to solve problems over
a wide spectrum, it possesses some fundamental drawbacks. One of these
drawbacks is that the user must specify the lattice a priori , which has the
e�ect that the user must run the ANN a number of times to obtain a suitable
con�guration. Other handicaps involve the size of the maps,where a lesser
number of neurons often represent the data inaccurately.

The state-of-the-art approaches attempt to render the topology more 
ex-
ible, so as to represent complicated data distributions in abetter way and/or
to make the process faster by, for instance, speeding up the task of determining
the best matching neuron.

Numerous variants of the SOM have been reported. A survey of this �eld
is ommitted here in the interest of space and brevity, but canbe found in [1].
Some approaches try to start with a small lattice [11], whileothers attempt to
grow a SOM grid by adding new rows or columns if the input samples are too
concentrated in some areas of the feature space [3]. Others follow a symmetric
growing of the original lattice [4]. Alternatively, some strategies add relations
(edges) between units as time proceeds, thus not necessarily preserving a grid
of neurons. In particular, the literature reports methods that use a tree-shaped
arrangement [6]. Also, some researchers have attempted to devise methods
which \forget" old connections as time goes by [5]. There arestrategies that
add nodes during training [11], while others use a �xed grid [7] or arrange
di�erent SOMs in layers [3], and combinations of these principles have also
been employed. On the other hand, strategies that try to reduce the time
required for �nding the winner neuron have also been designed. The related
approaches focus on the accuracy of the resulting neurons being the ones to
be modi�ed, and on the consequent topology. It is important to remark that
no single one of these approaches has been demonstrated to bea clear winner
when compared to the other strategies, thus leaving the window of opportunity
open for novel ideas that can be used to solve the above-mentioned problems.

Our aim is to permit the user to specify any tree-like topology, prevent-
ing cyclic neighborhood correspondences. Once this topology has been �xed,
the concepts of the neighborhood and bubble of activity are speci�ed from
this perspective. The question is whether the prototypes can ultimately learn
the stochastic distribution and simultaneously arrange themselves with the
topology that mimics the one that the user hypothesized fromthe outset. We
show that this is indeed possible, as demonstrated by a set ofrigorous exper-
iments in which our enhanced ANN, the Tree-based Topology Oriented-SOM
(TTO-SOM) is able to learn both the distribution and the desi red structured
topology of the data. Furthermore, a consequence of this is the fact that as
the number of neurons is increased, the approximation of thespace will be
correspondingly superior { both from the perspective of thedistribution and
of the user-de�ned topology.
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2 The Tree-Based Topology-Oriented SOM

The Tree-based Topology-Oriented SOM (TTO-SOM ) is a tree-structured
SOM which aims to discover the underlying distribution of the input data set
X , while also attempting to perceive the topology of X as viewed through
the user's desired perspective. The TTO-SOM works with an imposed topol-
ogy structure, where the codebook vectors are adjusted using a Vector-
Quantization-like strategy. Besides, by de�ning a user-preferred neighborhood
concept, as a result of the learning process, it also learns the topology and
preserves the prescribed relationships between the neurons as per this neigh-
borhood. Thus, the primary consideration is that the concept of neurons being
\near each other" is not prescribed by the metric in the space, but rather by
the structure of the imposed tree.

2.1 Declaration of the user-de�ned tree

The topology of the tree arrangement of the neurons plays an important role
in the training process of the TTO-SOM. This concept is closely related to
the results of [3, 6, 8, 9, 11, 13], but the di�erences are found in [1].

In general, the TTO-SOM incorporates the SOM with a tree which has an
arbitrary number of children. Furthermore, it is assumed that the user has the
ability to describe/create such a tree. The user who presents it as an input to
the algorithm, utilizes it to re
ect the a priori knowledge about thestructure
of the data distribution 3.

We propose that the declaration of the user-de�ned tree is done in a recur-
sive manner, from which the structure of the tree is fully de�ned. The input
to the algorithm is an array that contains integers specifying the number
of children for each node in the tree, if the latter is traversed in a Depth-
First (DF) manner. The position i in the array implicitly refers to the i th

node of the �nal tree if traversed in a Depth-First manner. Th e contents of
the array elements in the i th position refer to the number of children that
node i has. An example of this is given in Fig. 1 where the input array is
h2; 3; 4; 0; 0; 0; 0; 1; 0; 2; 0; 0; 2; 0; 0i , and the resulting tree is shown in the �g-
ure itself. The formal algorithm to specify this is included in [1], and omitted
here due to space considerations.

2.2 Neural Distance Between Two Neurons

In the TTO-SOM, the Neural Distance, dN , between two neurons depends on
the number of unweighted connections that separate them in the user-de�ned
tree, and is de�ned as the number of edges in the shortest paththat connects

3 The beauty of such an arrangement is that the data can be represented in multiple
ways depending on the speci�c perspective of the user. The user is also permitted
to declare the tree in a Breadth-First manner [1].
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Fig. 1. An example of the description of the original tree topology. The example
shows an array containing the number of children for each node in the tree.

the two given nodes. Additionally it is worth mentioning tha t this notion of
distance is not dependent on whether or not nodes are leaves or not, as in the
case of the ET [12], thus permitting the calculation of the distance between
any pair of nodes in the tree.

Fig. 2. The �gure shows the neighborhood for the TTO-SOM. Here nodes B , C and
D are equidistant to A even though they are at di�erent levels in the tree. Observe
that non-leaf nodes may be involved in the calculation.

More speci�cally, the distance between a neuron and itself is de�ned to
be zero, and the distance between a given neuron and all its direct children
and its parent is unity. This distance is then recursively de�ned to farther
nodes as shown pictorially in Fig. 2.2. Clearly, if vi and vj are nodes in the
tree, dN (�; �) possesses the identity, non-negativity, symmetry and triangular
inequality properties. The reader should observe in Fig. 2 that nodes at dif-
ferent levels could also be equidistant from any given node.Thus, nodesB ,
C and D are all at a distance of 2 units away fromA.

As in the case of the traditional SOM, the TTO-SOM requires the identi-
�cation of the BMU, i.e. the closest neuron to a given input signal. To locate
it, the distances, df (�; �) are computed in the feature space and not in terms
of the edges of the user-de�ned tree. The formal algorithmicdetails of how
this is done is omitted here but can be found in [1].
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2.3 The Bubble of Activity

Intricately related to the notion of inter-node distance, i s the concept referred
as to the \Bubble of Activity" which is the subset of nodes \cl ose" to the
unit being currently examined. These nodes are essentiallythose which are
to be moved toward the input signal presented to the network.This concept
involves the consideration of a quantity, the so-calledradius, which determines
how big the bubble of activity is, and which therefore has a direct impact on
the number of nodes to be considered. The bubble of activity is de�ned as the
subset of nodes within a distance ofr away from the node currently examined
and can be formally de�ned as

B (vi ; T; r ) = f vjdN (vi ; v; T ) � r g; (1)

where vi is the node currently being examined, andv is an arbitrary node
in the tree T, whose nodes areV . Note that B (vi ; T; 0) = f vi g, B (vi ; T; i ) �
B (vi ; T; i � 1) and B (vi ; T; jV j) = V which generalizes the special case when
the tree is a (simple) directed path. An example of how this bubble of activity
is distinct from the bubble used in the literature is found in [1]. The question of
whether or not a neuron should be part of the current bubble, depends on the
number of connections that separate the nodes rather than the (Euclidean)
distance that separate the networks in the solution space.

2.4 The Overall Procedure

The input to the algorithm consists of a set of samples in thed-dimensional
feature-space, and, additionally, as explained in Sec. 2.1, an array by which
the user-de�ned tree structure can be speci�ed. Observe that this speci�ca-
tion contains all the information necessary to fully describe the TTO-SOM
structure, such as the number of children for each node in thetree. Fur-
thermore, the algorithm also includes parameters which canbe perceived as
\tuning knobs". They can be used to adjust the way by which it l earns from
the input signals. The TTO-SOM requires a schedule for the so-called decay
parameters, which is speci�ed in terms of a list, where each item in the list
records the value for the learning rate, the radius of the bubble of activity,
and the number of learning steps for which the latter two parameters are to
be enforced. The detailed algorithm is found in [1].

3 Experiments and Results

To demonstrate the power of our method, and adopting a pedagogical perspec-
tive, the experiments reported here, were done in the 2-dimensional feature
space. It is important to remark that the capabilities of the algorithm are
also applicable for higher dimensional spaces, though, thevisualization of the
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resulting tree will not be as straightforward. While both th e data distribution
and its structure were unknown to the TTO-SOM, the hope is that the latter
will be capable of inferring them through Unsupervised Learning. Lastly, the
schedule of parameters follows a rather \slow" convergenceby de�ning steady
values for the learning rate for a large number of iterations, so that we could
understand how the position of the nodes migrated torwards their �nal con-
�guration. We believe that to solve practical problems, the convergence can
be accelerated by appropriately choosing the schedule of parameters.

3.1 Learning the Structure

Consider the data generated from a triangular-spaced distribution as per Fig.
3. A tree topology of depth 4 was de�ned, where each node has exactly 3
children (40 nodes in total), and randomly initialized as per the procedure
explained in Sec. 2.1. Fig. 3(a), depicts the position of thenodes of the tree
after a random initialization. Once the main training loop b ecomes e�ec-
tive, the codebook vectors get positioned in such a way that they represent
the structure of the data distribution, and simultaneously preserve the user-
de�ned topology. This can be clearly seen from Fig. 3(b) and 3(c) which are
snapshots after 40; 000 and 100; 000 samples, respectively. At the end of the
training process (see Fig. 3(d)), the complete tree �lls in the triangle formed
by the cloud of input samples and seems to do it uniformly. The�nal position
of nodes of the tree suggests that the underlying structure of the data distri-
bution corresponds to the triangle. Observe that the root ofthe tree is placed
roughly in the center (i.e. the mean) of the distribution. It is also interesting
to note that each of the three main branches of the tree, coverthe areas di-
rected torwards a vertex of the triangle respectively, and their sub-branches
�ll in the surrounding space around them.

(a) First iter. (b) After 40 ; 000 (c) After 100 ; 000 (d) After 300 ; 000

Fig. 3. TTO-SOM-based 3-ary tree topology learnt from a \triangula r" distribution.

A di�erent scenario occurs when the topology is unidirectional. Indeed,
we obtain very impressive results when the tree structure isthe 1-ary tree
as seen in Fig. 4. In this case, the user-de�ned a list (i.e. a 1-ary tree) as
the imposed topology. Initially, the codebook vectors wererandomly placed
as per Fig. 4(a). Again, at the beginning, the linear topology is completely
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lost due to the randomness of the data points. The migration and location of
the codebook vectors after 20; 000 and 50; 000 iterations are given in Fig. 4(b)
and 4(c) respectively. At the end of the training process thelist represents the
triangle very e�ectively, with the nodes being ordered topologically, as in [7].

This example can be e�ective in distinguishing our method over the ET
[11], as explained in more detail in [1]. Indeed, the latter freezes the position of
certain nodes (so as to enhance the computations required toyield the BMU)
after a pre-speci�ed criterion. As explained in [1], this leads to a solution
that is sub-optimal when compared to the one given by the TTO-SOM. The
advantage of the TTO-SOM is more pronounced in the linear case when the
\tree" is actually a list.

(a) �rst iter. (b) After 20 ; 000 (c) After 50 ; 000 (d) After 300 ; 000

Fig. 4. TTO-SOM-based 1-ary tree (list) topology learnt from a \tri angular" dis-
tribution

3.2 The Hierarchical Representation

Another distinct advantage of the TTO-SOM, which is not possessed by other
SOM-based networks, is the fact that it has hologram-like properties. In other
words, although the entire tree speci�ed by the user can describe the cloud of
data points as per the required resolution, the same cloud can be represented
with a more coarse resolution by using a lesser number of points. Thus, if
we wanted to represent the distribution using a single point, this can be ade-
quately done by just specifying the root of the tree. A �ner level of resolution
will include the root and the second level, where these points and their corre-
sponding edges, will represent the distribution and the structure. Increasingly
�ner degrees of resolution can be obtained by including morelevels of the tree.
We believe that this is quite a fascinating property.

To clarify this, consider the triangular distribution in Fi g. 5, which is the
same distribution of Fig. 3. Fig. 5(a) shows how the cloud canbe represented
by a single point, i.e. the root. In Fig. 5(b) it is represented by 4 nodes which
are the nodes up to the second level. If we use the user de�ned tree of four
levels, the �nest level of resolution will contain all the 40 nodes, as displayed
in Fig. 5(d).
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(a) Level 0 (b) Level 1 (c) Level 2 (d) Level 3

Fig. 5. Multi-level resolution of the results shown in Fig. 3.

3.3 Skeletonization

Intuitively, the objective of skeletonization is to constr uct a simpli�ed rep-
resentation of the global shape of an object. In general, such a skeleton is
expected to contain much less points than the original imageand should be
a thinned version of the original shape. According to the authors of [10],
skeletonization in the plane is the process by which a 2-dimensional shape
is transformed into a 1-dimensional one, similar to a \stick" �gure. In this
way, skeletonization can be seen as a dimensionality reduction technique that
captures local object symmetries and the topological structure of the object.
This problem has been widely investigated in the �elds of pattern recognition
and computer vision.

SOM variations have been used to tackle the situation when points are
sparse in the space [2, 14]. In [2] the authors used a GNG-likeapproach,
while in [14], the authors recommend the use of a Minimum Spanning Tree
which is calculated over thepositions of the codebook vectors, followed by a
post-re�nement phase that adds and deletes edges.

As we perceive it, the structure generated by using the TTO-SOM can be
viewed as an endo-skeleton of the given data set, and on convergence, it will
self-organize so as to assimilate the fundamental properties of the primary
representation. It is also worth mentioning that the movement of a joint (i.e.
a neuron) will have the implication of the modi�cation of at l east one edge.

Thus, when a node is moved, all the edges associated with the children and
parent will change accordingly, modifying the shape of the inferred skeleton.
The di�erence between using the SOM-like philosophy [14] and the TTO-SOM
lies exactly here. A SOM-like algorithm will change the edges of the skeleton
but only as the algorithm dictates as per the MST computed over the nodes
and their distances in the \real" world; i.e., the feature space. As opposed to
this, a TTO-SOM like structure can modify the skeleton as dictated by the
particular node in question, but also, all the nodes tied to it by the bubble of
activity, as dictated by the user de�ned tree, i.e., the link distances.

The reader can appreciate, in Fig. 6, the original silhouette of a rhinoceros,
a guitar and a human being. All three objects were processed by the TTO-
SOM using exactly the same tree structure, the same schedulefor the param-
eters, and without any post processing of the edges. From theimages at the
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Fig. 6. Skeletonization process for the silhouettes of various shapes using the TTO-
SOM, namely, a rhinoceros, a guitar and a human being.

lower level of Fig. 6 we observe that, even without any speci�c adaption, the
TTO-SOM is capable of representing the fundamental structure of the three
objects in a \1-dimensional" way e�ectively. The �gures at t he second level
display the neurons without the edges. In this case, it can beseen that our
algorithm is also capable of granting an intuitive idea of the original objects
by merely looking at the points.

A potentially interesting idea is that of mixing the hierarc hical represen-
tation of the TTO-SOM presented in Sec. 3.2 with its skeletonization capabil-
ities. We propose that in this case, the user will be able to generate di�erent
skeletons with di�erent levels of resolution, which we believe, can be used
for managing di�erent levels of resolution at a low computational cost for
applications in the �elds of geomatics, medicine and video games.

4 Conclusions

In the paper we have proposed a schema called the Tree-based Topology-
Oriented SOM (TTO-SOM) by which the operator/user is able to impose
an arbitrary , user-de�ned, tree-like topology onto the codebook vectors of a
SOM. This constraint leads to a neighborhood phenomenon based on the user-
de�ned tree, and, as a result, the so-called bubble of activity becomes radically
di�erent from the ones studied in the previous literature. T he map learnt as
a consequence of training with the TTO-SOM is able to determine both the
distribution of the data and its structured topology, inter preted through the
perspective of the user-de�ned tree. In addition, we have shown that, the
TTO-SOM revealed the ability to represent the original data set in multiple
levels of granularity, and this was achieved without the necessity of computing
the entire tree again. Lastly, we discussed the capability of the TTO-SOM to
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extract an skeleton, which is a \stick-like" representation of the image in a
lower dimensional space. These properties has been con�rmed by numerous
experiments on a diversity of data sets.
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